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The Bell and Leggett-Garg tests offer operational ways to demonstrate that non-classical behavior 
manifests itself in quantum systems, and experimentalists have implemented these protocols to show 
that classical worldviews such as local realism and macrorealism are false, respectively Previous 
theoretical research has exposed important connections between more general Bell inequalities and 
polyhedral combinatorics. We show here that general Leggett-Garg inequalities are closely related to 
the cut polytope of the complete graph, a geometric object well-studied in combinatorics. Building 
on that connection, we offer a family of Leggett-Garg inequalities that are not trivial combinations 
of the most basic Leggett-Garg inequalities. We then show that violations of macrorealism can occur 
in surprising ways, by giving an example of a quantum system that violates the new "pentagon" 
Leggett-Garg inequality but does not violate any of the basic "triangle" Leggett-Garg inequalities. 
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Quantum theory offers a radical departure from the 
classical world, and this departure manifests itself opera- 
tionally in the form of Bell pQ and Leggett-Garg inequal- 
ities (LGIs) [2] . A Bell inequality bounds the spatial cor- 
relations in any classical theory where observables have 
definite values and spacelike separated objects do not in- 
fluence one another (local realism [3 ). An LGI bounds 
the temporal correlations in any classical theory in which 
observables have definite values and measurement does 
not disturb the state (macrorealism). Since these theo- 
retical insights, experimentalists have observed violations 
of local realism [4] and macrorealism [5] with quantum 
optical experiments. Recent theoretical evidence even 
suggests that measurement outcomes on biomolecules 
could violate an LGI [6]. 

The conventional setting for a Bell inequality involves 
two spacelike separated parties, say Alice and Bob, each 
of whom possess a quantum system A and £?, respec- 
tively. Alice measures one of two dichotomic (±1- valued) 
observables A\ or A 2 at her end, and Bob measures one 
of two dichotomic observables B\ or B 2 at his end. The 
Clauser-Horne-Shimony-Holt (CHSH) Bell inequality [7] 
bounds the following sum of two-point correlation func- 
tions in any local realistic theory: 

+ (Aifl 2 ) + (A 2 B 1 ) - (A 2 B 2 ) < 2. 

A bipartite quantum system in an entangled state can 
violate the above inequality, demonstrating that the local 
realistic picture of the universe is false. 

Bell inequalities beyond the above conventional two- 
party, two-observable setting admit a rich mathemati- 
cal structure. Peres showed that they correspond to the 
facets of a convex polytope, which he called the Bell poly- 
tope [8 . It is an example of a correlation polytope, which 
have been much studied, see for example Ref. [9] and the 
encyclopedic Ref. [10 . Avis et al. described a relation- 
ship between the Bell polytope and a projecion of the cut 



polytope [TTJ [12] , a polytope which is isomorphic to the 
correlation polytope, and studied in depth in Ref. [TO] . 
They were then able to offer 44,368,793 inequivalent tight 
Bell inequalities other than those of the CHSH form for 
the bipartite setting where each party measures ten di- 
chotomic observables [TT] . 

The conventional setting for an LGI involves a single 
party, say Quinn, who possesses a single quantum sys- 
tem. Quinn measures three dichotomic observables Qi, 
Q 2l and Qs as his system evolves in time [18]. The LGI 
bounds a sum of two-time correlation functions in any 
macrorealistic theory: 

(Q1Q2) + (Q2Q3} + (Q1Q3) + 1 > 0. (1) 

Quinn can obtain the correlators (QiQ 2 ), (^2^3), and 
(Q1Q3) with many repetitions of one experiment where 
he measures all three observables, or he can obtain them 
with many repetitions of three different experiments 
where each experiment measures only the observables in 
a single correlator (QiQj). Note, for example, that if the 
system behaves according to the postulates of macrore- 
alism, it should not matter in which way he obtains the 
correlators or even if he measures Q 2 while obtaining the 
correlator (Q1Q3). Any quantum system evolving ac- 
cording to a non-trivial, time-independent Hamiltonian 
leads to a violation of the above LGI [13]. 

The aim of the present paper is to go beyond the above 
conventional setting for a Leggett-Garg experiment and 
begin exploring the rich mathematical structure of LGIs 
with multiple measurements of dichotomic observables. 
The inequality in ([!]) is the simplest LGI, and it is a "tri- 
angle" LGI in the sense that it involves three observables 
and all three correlations between them. (This nomencla- 
ture will become more clear later when we explore richer 
LGIs.) Two works have already considered multiple mea- 
surements in LGIs [14] |15], but the first work [14] did 
not actually generate any "new" LGIs in the sense that 
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one can derive all inequalities found there by combin- 
ing triangle LGIs. The aim of the second work [15] was 
to introduce extra measurements in order to address the 
"clumsiness loophole" in a Leggett-Garg experiment so it 
did not yield any new inequalities either. We also men- 
tion that another work considered the generalization of 
LGIs to higher-dimensional systems [16] , but here we are 
only concerned with qubit observables. 

In this Letter, we show that strong LGIs are equiva- 
lent to facet inequalities for the cut polytope of combi- 
natorics [10]. This connection allows us to identify new 
classes of LGIs that are not merely combinations of tri- 
angle LGIs. The first interesting LGI that is not a trivial 
combination of triangle LGIs is a "pentagon" LGI in- 
volving the ten different pairwise correlations between 
five observables Qi, . . . , Q5. We obtain other non-trivial 
inequalities for a higher number of observables by ex- 
ploiting known results on the facets of the cut polytope. 
We also propose an experimental setup including five ob- 
servables that violates the pentagon LGI, but in which 
the pairwise correlations of any three observables do not 
violate a triangle LGI. For this example, it is clear that 
the standard triangle Leggett-Garg test does not detect 
the presence of non-classicality, but a pentagon Leggett- 
Garg test does indeed detect non-classicality in the form 
of a violation. 

We structure this work as follows. We first develop 
the connection between the LGIs and the cut polytope 
by reviewing some basic notions from polyhedral com- 
binatorics. We then discuss our proposed experimental 
setup that violates the pentagon LGI but does not violate 
any triangle LGI. 

LGIs and the cut polytope — A macrorealistic world- 
view implies that the set of joint probabilities accessible 
in any Leggett-Garg experiment involving n observables 
Qij • • • 5 Qn is a convex polytope. An LGI corresponds 
to a valid inequality for this polytope, namely one that 
is satisfied by all vectors in the polytope. The strongest 
such inequalities are facets of the polytope and separate 
macrorealistic from non-macrorealistic behavior. Facets 
are those valid inequalities that cannot be obtained from 
a positive linear combination of other valid inequalities. 
They are the strongest inequalities in the following sense. 
A vector violating a (properly normalized) valid inequal- 
ity that is not a facet will always provide a stronger vio- 
lation of one of the (properly normalized) facets of which 
the valid inequality is a positive combination, hence our 
interest in finding new facets. We explain below that the 
Leggett-Garg polytope for n observables corresponds ex- 
actly to the cut polytope for a complete graph with n 
nodes. 

We begin with some definitions from polyhedral com- 
binatorics [10]. Suppose we have an integer n > 2 and 
a sequence (61, 62? &n) °f integers. Let b — s ^l=\^-> 
k = Yl7=i an d note that b and k have the same par- 
ity. We can define a k-gonal inequality over real variables 



Xij, 1 < i < j < n using these integers: 



hhjXij < 

l<i<j <n 



(2) 



Some special classes of the above inequality are of par- 
ticular interest for us here. When b is even and some 
subset of the bi sum to exactly 6/2, the corresponding 
inequality is said to be of negative type. When b is odd 
and some subset of the bi sum to exactly [b/2\, the cor- 
responding inequality is called hypermetric. Deza proved 
that each 2/c-gonal inequality can be expressed as a pos- 
itive combination of (2k — l)-gonal inequalities (see, eg. 
[TO]). So in this sense, there are no "new," non-redundant 
inequalities for even values of b. 

Now suppose n = 3. Then the hypermetric inequali- 
ties corresponding to the integer sequences (1, 1, 1) and 
(1, 1, —1) define, respectively, two types of triangle in- 
equality: 



X12 +^13 +^23 < 2, 
X12 ~ X13 ~ X23 < 0. 



(3) 
(4) 



The negative type inequality based on (1, 1, 1, 1) can eas- 
ily be constructed by combining four of the first type of 
triangle inequality. 

The set of all triangle inequalities defined on x^-, 1 < 
i < j < n defines a full dimensional polytope, called the 
semi-metric polytope. The integer solutions to this set of 
inequalities are all 0/1-valued, and are called cut vectors 
because they are equivalent to the edge incidence vectors 
of cuts in the complete graph K n [19] . The convex hull of 
the cut vectors is called the cut polytope. Hypermetric or 
negative type inequalities for which all bi = ±1 are called 
pure. It is known that all pure hypermetric inequalities 
define facets of the cut polytope [TO] , 

A vertex of the cut polytope represents the correlations 
between the values of n variables obtained in a single ex- 
periment, where each value is either or 1. If there 
is a joint probability distribution over these n random 
variables and the experiment is repeated many times, 
then the average of the correlations obtained is a point 
in the convex hull of these vertices, i.e., a point in the 
cut polytope. Thus, the facets of the cut polytope collec- 
tively describe the correlations that are accessible in any 
macrorealistic theory. The triangle inequalities define all 
of the facets of the cut polytope for n = 3 and n = 4. 
The first new facet beyond the triangle inequalities is the 
pentagon inequality: 



l<i<j<5 



Xij < 6. 



(5) 



LGIs are typically expressed in terms of the ex- 
pectations of ±1 random variables, which we denote 
Qi, Q2, Qn- The following relation allows us to con- 
vert the 0/1 values of the variables Xij to the +1/— 1 
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values for the two-time correlations (QiQj): 

t _ l - (QiQj) 

ij ~ 2 

We can then convert ^ to the following inequality: 

Elk 5 ! 2 



^ bib 3 (QiQj) 

l<i<j<n 



> o. 



(6) 



(7) 



Because pure hypermetric inequalities give facets of the 
cut polytope, the inequality in ^ yields facets of the 
Leggett-Garg polytope when b{ = ±1. In this way, the 
triangle inequalities in Q become the triangle LGIs [2]: 



(Q1Q2) + (Q1Q3) + (Q2Q3} 
(Q1Q2) ~ (Q1Q3) ~ (Q2Q3} 



1 > 0, (8) 
1 > 0. (9) 



The second of the above inequalities is in fact the same as 
Bell's original inequality ([1 j, equation (15)). Since the 
cut polytope for n = 4 is completely defined by triangle 
inequalities, there are no new strong LGIs for correlations 
between 4 random variables. For n = 5 however, we 
obtain the pentagon LGI by rewriting ([5| using (J6|: 



1<*<J<5 



2 > 0. 



(10) 



The inequalities Q, ([8|, ^ and (JToJ, derived from hy- 
permetric inequalities, define lower bounds on the two- 
time correlation functions in any macrorealistic theory. 

Pentagon violation with no triangle violation — We pro- 
vide a straightforward experimental setup that violates 
the pentagon LGI in (10), but does not violate any of 
the triangle LGIs. We assume that the system is noise- 
less and has vanishing Hamiltonian so that the dynamics 
are trivial. We choose as observables: 

Q 1 =cr z , Q 2 = (Jq, Qs = cr z , Q A = o~e, Q^=cr z , 

where gq = cos (6) a z -f sin (6) a x and a z and a x are Pauli 
operators. The inequality in (10) features ten two-time 



correlation functions. As stated before, Quinn can calcu- 
late these correlation functions in one experiment or he 
can calculate them with ten different experiments — the 
way in which he collects the correlation data should not 
matter according to the macrorealistic worldview. Also, 
assuming macrorealism, Quinn can choose to measure or 
not measure any of the observables Qi, • • • , Qb while cal- 
culating the correlator {QiQj) because any of these mea- 
surements should not affect the state or its subsequent 
dynamics according to the macrorealistic worldview. So, 
for example, in the calculation of (Q1Q5), Quinn could 
measure Q2 and this measurement should not affect the 
two-time correlation (Q1Q5) assuming macrorealism. 

Figure [I] displays the ten two-time correlation exper- 
iments that together give a violation of the pentagon 
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FIG. 1: The above figure displays the ten experiments that 
lead to a violation of the pentagon LGI. Additionally, any 
three experiments involving three distinct observables do not 
lead to a violation of the triangle LGI. We depict each two- 
time correlation function (QiQj) to the left of the correspond- 
ing experiment and display the value of each (QiQj) to the 
right of each experiment as a function of the angle 0. Boxed 
measurements indicate that the experimentalist Quinn per- 
forms the measurement but that its measurement results do 
not participate in the calculation of the corresponding two- 
time correlation function. 



LGI. Additionally, any three of these experiments involv- 
ing three distinct observables do not violate the triangle 
LGI. Below we prove that these statements hold. We 
first calculate several relevant quantities. We define the 
superoperator A as a a z basis dephasing of a qubit with 
density operator p: A(p) = \ (p + a z pa z ) , and A# is a 
gq basis dephasing: A# (p) = ^ (p + gqpgq) . The follow- 
ing relation is useful: A {gq) = cos (#)cr 2 , and a similar 
relation holds by exploiting it: Aq (a z ) = ctq cos (0) . If 
our input state is the maximally mixed state, then one 
can check that any two-time correlation function takes 
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the following form: 

(Q i Q j ) = ^Tv{Q j M(Q i )}, 

where J\f is the map that represents the dynamics be- 
tween measurement of Qi and Qj. Thus, if there is no 
measurement between measurement of Qi and Qj, then 
the two-time correlation function is 

(QiQj) = l^{QjQi}- 

If there is a measurement of gq between the measurement 
of Qi and Qj, then 

(QiQ j ) = ^Tr{Q j A e (Qi)}. 

Using these ideas and the experiments in Figure [I] we 
calculate the following two-time correlation functions: 

(Q1Q2) = (Q1Q4) = (Q2Q3) = cos(#) 
(Q2Q5) = (Q3Q4) = (Q4Q5) = cos(#) 
(Q1Q3) = (Q1Q5) = (Q2Q4) = (Q3Q5) = cos 2 (0) , 

Thus, for these experiments, 

(QiQj) = 6 cos ((9) +4 cos 2 (0) . 

l<i<j<5 

Choosing so that cos (0) = — 3/4 leads to 

E (QiQj) = -9/*- 

i<*<i<5 

This is the smallest that the above "pentagon quan- 
tity" can be for any value of and furthermore gives 
a violation of the pentagon LGI. One can also check 
that the two-time correlation functions in any three of 
these experiments involving three distinct observables 
never lead to a violation of the standard LGI because 
2 cos (0) + cos 2 (0) > -1 for all 0. 

Conclusion — The connection between LGIs and the 
cut polytope unveils a rich mathematical structure for 
Leggett-Garg tests with more than three observables. In 
particular, Q combined with the mapping ([6| gives fam- 
ilies of new LGIs that are not trivial combinations of the 
original triangle LGIs. Our example in Figure [I] shows 
that it is possible to violate macrorealism in unexpected 
ways, e.g., by violating the pentagon LGI without vio- 
lating any of the triangle LGIs. Future theoretical work 
could consider the effects of decoherence on these viola- 
tions, similar to the study in Ref. [15 . One could also 
consider the maximal violations of LGIs possible in quan- 
tum mechanics. For Bell inequalities, the maximal vio- 
lations are closely related to the elliptope, a semidefmite 
relaxation of the cut polytope defined by the set of nega- 
tive type inequalities [12 . In the case of LGIs, however, 



an experimentalist is free to perform a measurement and 
ignore the outcomes: by exploiting the quantum Zeno 
effect [17 it then becomes possible in principle to avoid 
any meaningful constraint on the correlation functions. 
One could nonetheless restrict the experimentalist's ac- 
tions; perhaps the elliptope arises from imposing some 
sensible restrictions. 
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